One of the most famous classical tests of General Relativity is the gravitoelectric secular advance of the pericenter of a test body in the gravitational field of a central mass. To day, this effect has been detected, in an astrophysical context, with the well known measurements of the binary pulsars, and, in the Solar System, by measuring the perihelion shift of Mercury and other planets in the gravitational field of the Sun with the radar ranging technique. The claimed relative accuracy of 2×10 −5 of the pulsars measurements is still object of debate and, in fact, according to some people, it should amount, instead, to almost 10 −2 . The relative accuracy in measuring the perihelion shift of Mercury is of the order of 10 −2 or better. However, some authors believe that the measurement of the perihelion shift of Mercury may be affected by the uncertainty in the value of the quadrupole mass moment of the Sun. In this paper we explore the possibility of performing a complementary measurement of the gravitoelectric pericenter advance in the gravitational field of the Earth by analyzing the laser-ranged data to some existing, or proposed, laser-ranged geodetic satellites. At the present level of knowledge of various error sources, the relative precision obtainable with the data from LAGEOS and LAGEOS II, suitably combined, is of the order of 10 −3 . Nevertheless, these accuracies could sensibly be improved in the near future when the new data on the terrestrial gravitational field from the CHAMP and GRACE missions will be available. The use of the perigee of LARES (LAser RElativity Satellite), in the context of a suitable combination of orbital residuals including also LAGEOS II, should further raise the precision of the measurement. As a secondary outcome of the proposed experiment, with the so obtained value of 2+2γ−β 3 and with η = 4β − γ − 3 from Lunar Laser Ranging it could be possible to obtain an estimate of the PPN parameters γ and β at the 10 −2 − 10 −3 level.
3
= 1.005 ± 7 × 10 −3 .
Inclusion of the probable contribution of systematic errors raises the uncertainty to about 2 × 10 −2 . From the analysis of ten years of data the realistic relative error claimed in [Shapiro et al., 1976] amounts to 5×10 −3 . In the case of this measurement the major sources of systematic error are the poorly-known variation in topography on the planet's surface and the uncertainties in the radar scattering law [Shapiro, 1990; Pitjeva, 1993] .
Unfortunately, the interpretation of the perihelion advance of Mercury as a test of general relativity is complicated by the uncertainty in the mass quadrupole moment of the Sun which also contributes to the perihelion advance. From the expression of the perihelion precession and from the 1976 experimental uncertainties inω, one can easily calculate that for Mercury orbiting the Sun, any value of J 2⊙ larger than about 3×10 −6 would disagree with the general relativistic prediction of 42.98 arcseconds/century; indeed, according to some authors measured values of J 2⊙ may be as large as ∼ 5.5 × 10 −6 (for a comprehensive discussion see [Ciufolini and Wheeler, 1995; Pireaux et al., 2001] ). Laboratory experiments have been also proposed [Cacciani et al., 1989 ] to measure the solar mode l = 1, to get informations on the rotation of the core of the Sun from the l = 1 rotational frequency splitting. Nevertheless, according to more recent determinations of J 2⊙ using the analysis of the Sun's pressure modes, both from the ground-based network of observatories and the space based SOHO, J 2⊙ = (2.3 ± 0.1) × 10 −7 [Shapiro, 1999] ; in [Godier and Rozelot, 2000] a theoretical estimate of J 2⊙ = (2.0 ± 0.4) × 10 −7 is reported. Thus, according to these values of J 2⊙ the observed perihelion advance of Mercury is well in agreement with the general relativistic predictions.
In order to measure J 2⊙ , among other astrodynamical and general relativistic parameters, several space missions have been proposed using a variety of techniques: the most recent and promising are SORT, IPLR and ASTROD [Ni, 2001] .
More accurate measurements of 2+2γ−β 3 might be performed in the future by means of the ESA BepiColombo Mercury orbiter [Balogh et al., 2000; Milani et al., 2001a; Milani et al., 2001b] . As a consequence, in [Milani et al., 2001b] it is claimed that the BepiColombo mission, which should be launched in 2009, should allow to measure, among other things, γ and β with a relative accuracy of the order of 2 × 10 −6 .
The binary pulsar measurement
A recent important test of General Relativity, performed in a strong-field astrophysical context, is undoubtedly represented, among other things, by the detection of the periastron advance in the binary pulsar PSR B1534+12: see [Stairs et al., 1998 ] and the references therein. The measurements done up to now would agree with the values predicted by General Relativity to 2 × 10 −5 . Further improvements should come from the upgrade of the Arecibo Radio Telescope and from the possible discovery of new binary pulsars.
However, there is not a general consensus on the quoted accuracy as representative of a truly test of General Relativity because the orbital parameters of the system such as the masses of the pulsar and its companion, the semimajor axis of the orbit, the eccentricity, etc. are not all measured to the 2 × 10 −5 precision. So, the least precisely measured parameter among all those which enter the formula of the precession do indeed control the precision of this experiment as a test of General Relativity. Then, the precision, in the end, could boil down to about 10 −2 or slightly better.
The proposed experiment
In this paper we propose to perform a complementary measurement of the general relativistic gravitoelectric pericenter advance in the gravitational field of the Earth by using some suitable combinations of the orbital residuals of the presently existing, or proposed, spherical passive geodetic laser-ranged satellites with particular emphasis to LAGEOS and LAGEOS II in order to exploit the relevant experience obtained with the gravitomagnetic Lense-Thirring measurements in [Ciufolini et al., 1996; ]. In [Ciufolini and Matzner, 1992] a measurement of the LAGEOS only general relativistic gravitoelectric perigee shift in the field of the Earth is reported, but the accuracy amounts only to 2 × 10 −1 . This paper is organized as follows: in section 2 we compare the present experimental accuracy in satellite laser-ranging measurements with the relativistic expressions of the perigee shift of the two LAGEOS satellites. In section 3 we analyze some of the most important sources of systematic errors. The obtainable precision on β and γ is also discussed. By detecting the relativistic perigee rate of the proposed LARES ] laser ranged satellite, in conjunction with the nodes of LAGEOS and LAGEOS II and the perigee of LAGEOS II as well, it might be possible to reach a level of accuracy of 10 −4 over a long enough time span. This is the subject of section 4 together with an analysis of the role of the existing SLR satellite Starlette.
Section 5 is devoted to the conclusions.
The relativistic perigee precession of LAGEOS type satellites
As known, in the slow-motion and weak-field approximation, the Schwarzschild metric generated by a static, spherically symmetric distribution of mass-energy induces an additional post-Newtonian "gravitoelectric" force which acts on the orbit of a test body by shifting its pericenter; in the PPN formalism the pericenter rate can be written aṡ
in which G is the Newtonian gravitational constant, c is the speed of light in vacuum, M is the mass of the central object, a and e are the semimajor axis and the eccentricity, respectively, of the orbit of the test body and n = GM/a 3 is its mean motion. In the following we define
. General Relativity predicts that the perigee shifts for LAGEOS and LAGEOS II amount to 3,312.35 milliarcseconds per year (mas/y in the following) and 3,387.46 mas/y respectively.
Following the actual experimental precision allows for detecting such rates for both LAGEOS satellites. Indeed, for the perigee the observable quantity is r ≡ eaω and at present its laser-ranging measurement error amounts to about δr exp ≤ 1 cm for the two LAGEOS satellites over several orbits and for a given set of force models (i.e. not including modelling errors). Since the LAGEOS eccentricity is e I = 4.5 × 10 −3 the accuracy in detecting the perigee is δω I exp = δr exp /(e I a I ) ≃ 37 mas. So, over 1 year the relative accuracy of the measurement of the relativistic perigee shift would be ∼ 1 × 10 −2 . For LAGEOS II this measurement accuracy is better than that of LAGEOS indeed the LAGEOS II eccentricity is e II = 1.4 × 10 −2 , so that δω II exp ≃ 12 mas; this may yield an accuracy of about 3 × 10 −3 over 1 year. These considerations rule out the possibility of directly using the perigee of the other existing spherical geodetic laser-ranged satellites Etalon-1, Etalon-2, Ajisai, Stella, Westpac-1 because their eccentricities are even smaller than that of LAGEOS. On the contrary, Starlette has an eccentricity of the order of 2 × 10 −2 ; however, since it orbits at a lower altitude it is more sensitive than the LAGEOS satellites to atmospheric drag and to Earth's zonal harmonics, so that it would be difficult to process its data at an acceptable level of accuracy (See also section 4). Accordingly, we will focus on the perigee of LAGEOS and especially of LAGEOS II in order to detect the gravitoelectric relativistic shift in the gravitational field of Earth.
The systematic errors
The perigee of an Earth satellite is a "dirty" orbital element in the sense that it is affected by lots of aliasing classical forces inducing systematic errors which must be carefully individuated and analyzed.
The static geopotential error
The most important source of systematic errors in such measurement is represented by the mismodelling induced by the even zonal harmonics of the Earth's gravitational field [Kaula, 1966] on the classical perigee precession. It is really critical because it can be considered as an unavoidable part of the total error in the experiment. Indeed, the resulting aliasing trend cannot be removed from the data and nothing can be done about it apart from assessing as more reliably as possible the related error.
By using the covariance matrix of the EGM96 Earth gravity model [Lemoine et al., 1998] and adding the correlated terms in a root-sum-square fashion up to degree l = 20 we obtain for LAGEOS a systematic error δν/ν zonals = 8.1 × 10 −3 , whereas for LAGEOS II we have δν/ν zonals = 1.5 × 10 −2 . Since the major source of uncertainty lies in the first two mismodelled even zonal harmonics δJ 2 and δJ 4 , following for the gravitomagnetic Lense-Thirring LAGEOS experiment, we search for suitable combinations of orbital residuals of the existing SLR satellites in order to eliminate most static and dynamical even zonal terms of the geopotential. In Tab.1 we report the most promising combinations: their general form is
in which N is the number of the nodes of different SLR satellites employed, x GR is the slope, in mas/y, of the relativistic trend to be measured and δν/ν zonals is the systematic error induced by the even zonal harmonics up to degree l = 20 calculated with EGM96 covariance matrix.
The coefficients c i are built up in terms of the orbital parameters of the satellites entering the combinations. It is important to stress that the use of the LAGEOS satellites, due to their altitude, makes our measurement substantially insensitive to the errors in the zonal harmonics of degree l > 20, so that our estimates of δν/ν zonals presented here are valid even in the case that the EGM96 covariance matrix for higher degrees l > 20 would not be accurate enough.
In addition to LAGEOS and LAGEOS II, we have only considered Ajisai since it is well tracked, contrary to, e.g., the Etalons, and it would be less demanding than the other satellites to reduce its laser ranged data to a level of accuracy comparable to that of LAGEOS and LAGEOS II. Moreover, the other SLR satellites orbit at lower altitudes, therefore they are more sensitive to the higher degree terms of the geopotential. Consequently, as confirmed by numerical calculations, the inclusion in their data in the combined residuals would increase δν/ν zonals ,. 1
It is important to point out that the values quoted in Tab.1 for δν/ν zonals will be reduced in the near future when the new gravity models from the CHAMP and GRACE missions will be released [Pavlis, 2002] .
The time-dependent systematic errors
In regard to the evaluation of the impact of other sources of systematic errors, it should be considered the role of the coefficients c i entering the combinations because, according to their magnitudes, they can reduce or emphasize the effects of the perturbing forces acting on the orbital elements weighted by them.
For example, for combination 2 of Table 1 , over 1 year, the impact of the error in measuring the perigee rate of LAGEOS amounts to 2.5 × (3.1 × 10 −3 ) = 7.7 × 10 −3 while for combination 3 it is 1.370 × (4.7 × 10 −3 ) = 6.4 × 10 −3 . Moreover, for such combinations the gravitational and non-gravitational perturbations acting on the perigee of LAGEOS would be enhanced by its coefficients which are larger than unity.
In this paper we consider in detail only the combination 1 of Table 1 δω II − 0.87 δΩ II − 2.86 δΩ I = ν3, 387.46 × T obs ,
so to exploit the background acquired with the Lense-Thirring LAGEOS experiment [Ciufolini et al., 1996; ].
The harmonic, long-period perturbations, according to their periods P and to the adopted observational time span T obs , may turn out to be less insidious than the mismodelled linear perturbations due to the zonal harmonics of the geopotential since, if P < T obs and T obs = nP, n = 1, 2, ... they average out; if their periods are shorter than the time span they can be viewed as empirically fitted quantities which can be subsequently removed from the signal.
1 About combination 3, it should be noted that in order to obtain more reliable and accurate estimates of the systematic error due to the even zonal harmonics of the geopotential it should be better to extend the calculations to higher degrees than l = 20 due to the sensitivity of Ajisai to such higher degree terms.
For the proposed measurement the results recently obtained for the LAGEOS gravitomagnetic experiment can be used. Indeed, the solid Earth and ocean tidal perturbations on LA-GEOS and LAGEOS II and their impact on the Lense-Thirring effect have been studied in Iorio and Pavlis, 2001; Pavlis and Iorio, 2002] , while the role played by the non-gravitational perturbations can be found in [Lucchesi, 2001] . With a very conservative approach, we have tried to assess the impact of such time-dependent perturbations by comparing the averages, over different time spans, of the entire set of the harmonic perturbations with the general relativistic linear trend over the same observational periods. This approach is equivalent to that followed in [Iorio and Pavlis, 2001; Pavlis and Iorio, 2002] .
Regarding the atmospheric drag, whose impact could be a serious drawback, especially for the perigee of LAGEOS II, in [Ciufolini et al., 1997] it is shown that it averages out over an orbital revolution.
In Tab.2 we summarize the results obtained for the proposed combination with LAGEOS and LAGEOS II for a 8 years long time span with 7 days arc lengths. In assessing the total systematic error we have accounted for the fact that the gravitational errors are not independent simply by summing them up. Then we have added them and the other independent sources of systematic errors in a root-sum-square fashion. Note that the error in the LAGEOS II perigee refers to 1 year only by assuming an error of 1 cm in its radial position. From Tab.2 it can be noticed that the error budget is dominated mainly by the even zonal harmonics and the LAGEOS II perigee measurement error which has not a time-dependent signature (but, of course, depends on the data set chosen at a given time span). Then, it turns out that the total systematic error over a time span of 5 years only is slightly worse. Even zonal harmonics (par. 3.2) 6.59 × 10 −3 J 3 geopotential [Pavlis and Iorio, 2002] 3.2 × 10 −4 Tides Pavlis and Iorio, 2002] 4.4 × 10 −4 Non-gravitational effects [Lucchesi, 2001] 3.6 × 10 −4 Measurement error in LAGEOS II perigee (sect. 2) 3 × 10 −3 Total systematic error 8 × 10 −3 However, in the recent years it has been done a lot of work in predicting what it can be got from the gravity modelling efforts that will include the CHAMP and GRACE data [Pavlis, 2002] . They will yield important improvements in the accuracy of this experiment. A very important point to stress is that we do not need to wait for 8 years after we get the new gravity models from CHAMP and GRACE. Indeed we already have the required SLR data (suffice it to say that by next summer we will have 10 years of LAGEOS and LAGEOS II data) to do the analysis immediately after we receive the new models. So the results could be produced within a few days after that.
The parameters β and γ
The results obtained for the combination 1 examined here, together with those released in [Anderson and Williams, 2001] for the combination η = 4β − γ − 3 [Nordvedt, 1968; 1991] , would allow to measure β = 2 7 η + 3 7 ν + 4 7 independently of other measurements of γ to the level ∼ 3 × 10 −3 ; this result, which is of the same order of magnitude of that obtained with the radar ranging technique [Shapiro, 1990] , should be compared with the most recent δβ = 4.7 × 10 −4 obtained from the LLR data [Anderson and Williams, 2001] .
The parameter γ, given by γ = 1 7 η+ 12 7 ν− 5 7 , could be measured less precisely: δγ = 1.2×10 −2 . However, γ can be measured directly via light deflection or radar time delay. For example, in [Froeschlé et al., 1997 ] γ = 0.997 ± 3 × 10 −3 is quoted based on the astrometric observations of the electromagnetic waves deflection in the visible. By using the Viking time delay [Reasenberg et al., 1979] , γ = 1.000 ± 2 × 10 −3 was obtained. The quoted uncertainty allows for possible systematic errors. A more recent measurement based on the time delay of the NEAR spacecraft [Elliott et al., 1998 ] claims an uncertainty ≤ 10 −3 .
For an updated overview on the present status of the measurements of the PPN parameters, see 
The role of LARES and Starlette
If it will be finally approved and launched, the proposed LARES satellite will prove itself to be very useful, among other things, for many general relativistic tests. In this section we will investigate its role in the context of the measurement of the gravitoelectric perigee advance for which it would be particularly well suited due to its proposed relatively large eccentricity e LR = 0.04.
A possible observable could be the following combination of orbital residuals
with
x GR = −12, 117.4 mas/y.
The coefficients c 1 and c 2 , which depend on the orbital parameters of the satellites of the combination, have been calculated for the proposed nominal values of LARES a LR = 12, 270 km, i LR = 70 deg and e LR = 0.04. In order to get an insight into the possibilities offered by eq.
(4), let us calculate the systematic relative error induced by the even zonal harmonics of the geopotential, according to EGM96 gravity model. Eq. (4) would allow to cancel out the first two even zonal mismodelled harmonics. The impact of the remaining ones amounts to 6×10 −3 . This error will greately reduce when the new gravity models from CHAMP and GRACE missions will be available. An interesting feature of eq. (4) is that the impact of the non-gravitational perturbations, which will, in turn, become more important than the gravitational perturbations, would amount to 3.9 × 10 −3 over a time span of 7 years, according to recent, largely pessimistic evaluations. However, it should be considered that only the terrestrial Yarkovsky-Rubincam thermal effect induces secular mismodelled trends whose effect amounts to 6 × 10 −5 : the other non-gravitational perturbations have a periodic time signature, so that they can be fitted and removed from the signal.
Among the existing SLR satellites, Starlette, with its relatively large eccentricity of 0.0204, could seem to be a natural candidate for such a measurement concerning the perigee. However, it must be stressed that it orbits at an altitude much lower than that of the LAGEOS satellites (a Str = 7, 331 km) and this feature has a relevant impact in its sensitivity to the even zonal harmonics of the geopotential which maps onto the systematic error in our measurement. It turns out that the inclusion of the perigee of Starlette in the combined residuals, if, from one hand, allows to cancel out another high degree mismodelled even zonal classical precession, from the other hand raises the total error due to the geopotential, even when LARES is taken into account. Indeed, in a combination including the nodes of LAGEOS and LAGEOS II and the perigees of LAGEOS II and Starlette the relative error due to geopotential amounts to 6.2 × 10 −2 , while in a possible combination with the nodes of the three LAGEOS satellites and the perigees of LAGEOS II, LARES and Starlette it would amount to 1.6 × 10 −3 .
Conclusions
The main features of the proposed LAGEOS experiment are the following • In the near future the accuracy with which we will know the terrestrial gravitational field will increase thanks to the data from CHAMP and GRACE missions. Moreover, the rms accuracy in measuring the position of LAGEOS satellites should reach the mm level.
Consequently, there will be an increase in the precision of our measurement as well
• The data processing would be reliably based on the large experience collected in several years of analysis of the LAGEOS satellites orbits.
• Concerning the terrestrial space environment, if, from one hand, it is rich of various classical competing forces acting on the satellites to be employed, from the other hand their action, especially on LAGEOS satellites, is very well known. Moreover, it would be relatively fast and easy to include the future improvements in the force modelling in the analysis • As a secondary outcome, it would allow to obtain from 2+2γ−β 3 , in conjunction with, say, η = 4β − γ − 3 from Lunar Laser Ranging, the PPN parameters γ and β at a 10 −2 − 10 −3 level. Also these estimates would benefit from the improvements in the Earth's gravitational field from CHAMP and GRACE.
• The use of the perigee of the proposed LARES satellite, in the context of a suitable combination including also the node and the perigee of LAGEOS II, could allow to obtain a systematic relative error due to the mismodelled even zonal harmonics of the geopotential of 6×10 −3 , according to EGM96. Also this proposed strategy would greatly take advantage from the impact of the new gravity models from CHAMP and GRACE. According to largely pessimistic estimates, the impact of the non-gravitational perturbations would amount to 3.9 × 10 −3 . Of course, also the implementation of the LARES mission would be comparatively cheap and fast.
• Starlette, although on a relatively eccentric orbit, should not be considered because its inclusion in the combined residuals would raise the systematic error due to the geopotential.
It is so because of its lower altitude with respect to the LAGEOS satellites and, consequently, its larger sensitivity to the even zonal harmonics of the terrestrial gravitational field.
